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SUMMARY
In the aerospace and automotive industries, many finite element analyses use
lower-dimensional finite elements such as beams, plates and shells, to simplify the
modeling. These simplified models can greatly reduce the computation time and
cost; however, reduced-dimensional models may introduce inaccuracies, particularly
near boundaries and near portions of the structure where reduced-dimensional models
may not apply. Another factor in creation of such models is that beam-like structures
frequently have complex geometry, boundaries and loading conditions, which may
make them unsuitable for modeling with single type of element. The goal of this
dissertation is to develop a method that can accurately and efficiently capture the
response of a structure by rigorous combination of a reduced-dimensional beam finite
element model with a model based on full two-dimensional (2D) or three-dimensional
(3D) finite elements.
The first chapter of the thesis gives the background of the present work and
some related previous work. The second chapter is focused on formulating a system
of equations that govern the joining of a 2D model with a beam model for planar
deformation. The essential aspect of this formulation is to find the transformation
matrices to achieve deflection and load continuity on the interface. Three approaches
are provided to obtain the transformation matrices. An example based on joining
a beam to a 2D finite element model is examined, and the accuracy of the analysis
is studied by comparing joint results with the full 2D analysis. The third chapter
is focused on formulating the system of equations for joining a beam to a 3D finite
element model for static and free-vibration problems. The transition between the 3D
elements and beam elements is achieved by use of the stress recovery technique of the
xii
variational-asymptotic method as implemented in VABS(the Variational Asymptotic
Beam Section analysis). The formulations for an interface transformation matrix
and the generalized Timoshenko beam are discussed in this chapter. VABS is also
used to obtain the beam constitutive properties and warping functions for stress
recovery. Several 3D-beam joint examples are presented to show the convergence and
accuracy of the analysis. Accuracy is accessed by comparing the joint results with
the full 3D analysis. The fourth chapter provides conclusions from present studies





In the aerospace and automotive industries, many finite element analyses use lower-
dimensional finite elements such as beams, plates and shells, to simplify the modeling.
To reduce the computational effort for complex aerospace structures, for example, a
fuselage model could be created from shell elements, while models for the wings
could be based on beam finite elements. These simplified models can greatly reduce
the computation time and cost; however, reduced-dimensional models may introduce
inaccuracies, particularly near boundaries and near portions of the structure where
reduced-dimensional models may not apply. Another factor in creation of such models
is that beam-like and shell-like structures frequently have complex geometry, bound-
aries and loading conditions, which may make them unsuitable for modeling with
a single type of element. This gives rise to the need for a method that can accu-
rately and efficiently capture the response of the structure by rigorous combination
of reduced-dimensional models with full three-dimensional (3D) models.
In recent years, rigorous asymptotic methods have been applied to create finite
elements for modeling composite beams, plates and shells. This approach has resulted
in a modeling approach that saves orders of magnitude in computational effort without
loss of accuracy in the interior of the structure. The variational-asymptotic method
(VAM) has been applied to beam-like structures resulting in the development of the
computer program VABS (Variational-Asymptotic Beam Section) and to plate/shell-
like structures resulting in the development of VAPAS (Variational-Asymptotic Plate
and Shell). These programs are well documented in the literature (see below) and
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allow for replacement of expensive 3D elements with very inexpensive 1D and 2D
elements, respectively. These programs are in use around the world, and VABS is
now a commercial product used by rotorcraft, aircraft, and wind energy industries;
VAPAS has dozens of users around the world. As powerful as they are, there is the
weakness alluded to above, i.e. since they create interior models they are not accurate
near boundaries or near sharp changes in geometry such as discontinuities in beam
cross-sectional shape. In those areas it is necessary that 3D elements be used. The
problem is somehow to make use of the vast amount of information available in the
asymptotic approach. This information allows recovery of asymptotically exact 3D
stress, strain, and displacement over a beam section or along a shell normal line.
The main motivation of this study is to use asymptotically reduced models over
all parts of a complex structure that allow it, while using 3D finite elements to model
other parts of the structure that cannot be reduced. The reduced model and the
3D model will then be assembled together to get the solution. This work focuses on
coupling the disparate finite element types in a single finite element model, making use
of the asymptotically exact information available in the reduced-dimensional models
based on variational-asymptotic theory. In this way, a complex structure can be
analyzed by making maximum use of simplified models without the loss of accuracy
presently incurred in dimensionally-reduced models near boundaries or when joined
to inherently 2D/3D structures.
Another motivation for the present study comes from the wide application of com-
posite materials in aerospace, automotive and marine industries. Because of supe-
rior engineering properties and enhanced manufacturing technologies associated with
composite materials, still wider application is desirable. Unfortunately, engineering
analysis methods for composites lag behind those for structures made of isotropic
materials. Tools such as VABS and VAPAS have tremendous potential, but the fi-
nite elements in commercial codes are typically based on elementary beam and plate
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theories and are thus inappropriate for composites. It is believed that creation of
the means to rigorously couple the 2D analysis with advanced beam, plate and shell
elements such as those that can be created based on the models output by VABS and
VAPAS has the potential to strongly enhance the accuracy of engineering analysis for
composite structures.
Thus, the goal of this work is to generate a mixed-dimensional finite element
method to accurately analyze the static response of beam-like structures. To achieve
this goal the mathematical difficulties discussed above, associated with connections
between the different element types due to the incompatibility of their nodal degrees
of freedom, must be overcome. Between these dissimilar elements, some techniques
are required to couple the different elements in a way that the compatibility of de-
formation and stress equilibrium are satisfied at the interface. The method in this
study gives a simple way to overcome these mathematical difficulties.
1.2 Previous Work
There exist several methods that focus on analyzing the mixed dimensional finite
element models. These methods can be divided into two main categories. One is
using transition elements at the interface of different elements which will be addressed
in section 1.2.1. The other is using multi-point constrains at the interface, which is
discussed in section 1.2.2.
1.2.1 Constructing transition elements
Surana [59] presented the first isoparametric transition elements which were devel-
oped for cross-sectional properties and stress analysis of the beams with cross-sections
that consist of both thin wall sections and solid like sections. In his subsequent papers
[60], [61] and [62], isoparametric transition elements were developed for linear elastic
axisymmetric, 3D stress analysis and further extended for geometrically non-linear
analysis, respectively. Cofer and Will [16] gave a transition element that can connect
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quadratic, isoparametric solid and shell finite elements. Gmür and Schorderet [26]
proposed a set of transition elements connecting 3D standard isoparametric solid and
superparametric shell for structural dynamics. Chavan and Wriggers [14] developed
a finite formulation of a transition element for consistent coupling between shell and
beam finite element models of thin-walled beam-like structures in thermo-elastic prob-
lems. Most of the above methods only deal with the coupling between solid elements
and shell elements.
Although the solid-to-shell transition element has been available for more than
twenty years, only a few have proposed solid-to-beam transition elements. For in-
stance, on the basis of [26], Gmür and Kauten [25] presented three dimensional
solid-to-beam transition elements for structural dynamics analysis. Successively,
Dohrmann and Key [19] proposed a transition element for uniform strain hexahe-
dral and tetrahedral finite elements. Later Dohrmann and Key with Heinstein [20]
developed methods for connecting dissimilar 3D finite element meshes. Two years
later, Garusi and Tralli [24] developed a transition elements for modeling solid-to-
beam and plate-to-beam connections based upon the hybrid stress method.
From above 3D solid-beam analysis, one can find good agreement on stress or
frequency results between mixed and three dimensional finite element models. But
only beams with simple cross sections such as rectangular and circular cross sections
were analyzed. Although Garusi and Tralli [24] analyzed a thin-walled beam with a
C-shape cross-section, they assumed a Saint-Venant warping function from the theory
of elasticity. For a beam with complex cross-sections such as helicopter blades and
wind turbine blades, the cross section properties cannot be accurately obtained by
using the above methods.
4
1.2.2 Multi-Point Constraints
Compared to transition elements, multi-point constraints (MPC) are simpler to im-
plement. Early work includes Curiskis and Valliappan [17] and Abel and Shephard [4].
Curiskis and Valliappan [17] presented a general solution algorithm for the incorpora-
tion of a general set of linear constraint equations into a linear algebraic system. Abel
and Shephard [4] developed a method of introducing general constraint equations into
finite element matrix equations. Neither method requires reordering or condensation
of the equations, large matrix operations, or increase in the number of unknowns.
The methods are suitable for application in minicomputer implementations of finite
element analysis unless a large number of constraints is to be applied. Later Shep-
hard [56] presented a procedure for the application of linear multi-point constraints.
The procedure employs the transformation approach for constraint application which
reduces the number of equations to be solved by the number of constraints.
Due to the appearance of large computers, MPC are increasingly being used in
finite element analysis. NASA Langley Research Center has developed a method for
analyzing structures composed of two or more independently modeled substructures,
based on a hybrid variational formulation with Lagrange multipliers, and applied it
to global/local demonstration problems for one-dimensional(1D) [6, 50, 7, 34] and 2D
[5] interfaces. NASA has also developed the technology for a solid-to-shell transition
element for use with composites [18], and has combined it with the 1D interface
element [18]. Based on earlier work, Schiermeier et al. [54] demonstrated several
simple models illustrating global/local analysis using p-Version interface elements in
MSC Nastran. Among those examples, only the shell-to-solid coupling results are
available in [54].
Comparing to the MPC on shell-to-solid interfaces, coupling of beam elements is
shown only in a few papers. For instance, Avdeev et al. [8] presented a finite element
approach to modeling edge effects in beam sandwich structures. The approach is
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based on a mixed 2D and beam formulation joined by means of a penalty function
method. The accuracy of the proposed method, however, strongly depends upon the
correct determination of the penalty factor. Coupling of 3D and beam formulation is
not available in [8]. Monaghan et al. [44] developed a scheme for establishing com-
patibility and equilibrium at the interface between 1D beam and 3D solid element
models. Multi-point constraint equations were obtained by equating the work done
by the stresses in each part of the model at the interface between dimensions. These
equations were implemented using standard facilities for multi-point constraint equa-
tions such as the EQUATION command in the ABAQUS commercial package. In the
reduced-dimensional part an assumed linear variation of the stresses over the plate
thickness or beam section is used. McCune et al. [41] extended the method used in
[44] to the coupling of beams and shells and the coupling of 3D solids and 2D plates.
Shim et al. [57] presented several examples using the same method as in [44] and [41].
The coupling of 3D solid-beam analysis shown in [57] only described linear elastic
behavior and only beams with simple cross sections such as rectangular and circu-
lar cross sections were analyzed. The cross section properties of complicated cross-
sections are not easily obtained by using the above methods. None of the methods
has analyzed composite beams using coupled 3D solid-1D beam model.
1.3 Present approach
The present approach is designed to solve the coupled 3D solid-1D beam model for
beam-like structures. For a beam-like structure, the boundary part and the non-
uniform parts are modeled as 3D solids, and the uniform parts are modeled as beams.
The reduced model and the 3D model will be assembled together to get the system
stiffness matrix. A new code is developed to solve the assembled model. This ap-
proach can be extended to analyze composite 3D solid-1D beam, 3D solid-2D shell
or 2D shell-1D beam models. VABS which is the best tool for engineers to analyze
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and design composite beam cross-sections can be used to obtain the cross-section
properties and warping functions for stress recovery analysis.
VABS (Variational Asymptotic Beam Sectional Analysis) is a computer program
implementing the various beam theories [66, 76, 69, 71, 32] based on the variational
asymptotic method [12] using the finite element method. The variational-asymptotic
method decouples the original 3D anisotropic elasticity problem for a beam-like com-
posite structure into a 2D linear cross-sectional analysis and a nonlinear 1D beam
analysis so that computational cost can be saved and results can be more easily in-
terpreted. It does so by taking advantage of the small parameters inherent in the
structures. VABS is a cross-sectional analysis tool to calculate the cross-sectional
properties (tension center, centroid, neutral axis, center of mass/gravity, elastic axis,
shear correction factors, shear center, extensional/torsional/bending/shearing stiff-
ness) as represented in common engineering models such as Euler-Bernoulli beam
model, Timoshenko beam model, and Vlasov beam model for a slender structure
with arbitrary cross-sectional geometry made with arbitrary material and recover 3D
field distributions, such as strain and stress throughout the cross section [67].
The cross-sectional analysis can produce the sectional stiffness as the 1D consti-
tutive relations for the use of the 1D beam analysis and warping functions for the
recovery relations. The cross-sectional analysis has to be carried out several times if
the cross section along the beam axis is not uniform. Then a 1D nonlinear analy-
sis for beams can make direct use of the output sectional stiffness to investigate the
global behavior (such as displacements, motions, buckling, and etc.) of the beam-like
structure.
In present work, we studied joint 2D-beam and joint 3D-beam approaches in
Chapters II and III, respectively. In each approach, the beam-like structure is divided
into several parts according to boundary and geometry of the parts. The parts with
the boundary constraints and the part with nonuniform shape are constructed as
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2D/3D models. The parts that are uniform and far from the boundary are constructed
as beam models. The 2D/3D models and beam models are assembled together to get
the solution.
In Chapter II, we investigate a simple beam model, which is divided into two parts,
with one 2D part and one beam part. We start with static formulation of a system
of governing equations of the joint 2D-beam problem. The static formulation leads
to the requirement of transformation matrices to connect 2D interface elements with
the beam interface element. Three methods are discussed to obtain the transition
from 2D model to beam model. The first method is the displacement continuity at
the interface. Both of the second and third method are derived from load continuity.
Obtaining load continuity using variational asymptotic method is discussed in section
2.3.1. Using assumed stress distribution method to achieve load continuity is discussed
in section 2.3.2. Two dimensional beam formulation is discussed in section 2.4. In
section 2.5, the static response of a simple structure is analyzed using joint 2D-
beam method. The convergence and credibility of the method are studied. We also
investigate the length effect of the 2D region.
In Chapter III, we investigate the joint 3D-beam approach. We start with the
static formulation of the problem using the principle of total potential energy theo-
rem. Then the formulation of free vibration of the structure is studied using Hamil-
ton’s principle. The system formulation leads to the requirement of a transformation
matrix. In 3D approach, we use load continuity to construct the transformation ma-
trix. The load continuity is achieved using variational asymptotic method, and the
details of stress recovery and interface load formulation are discussed in section 3.2. In
joint 3D-beam approach, the beam part is modeled using general Timoshenko beam
model, the formulation of which is discussed in section 3.3. The beam cross-section
properties and warping function at beam interface are obtained using VABS consti-
tutive analysis. A Fortran code is developed to calculate the static and free-vibration
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responses. Section 3.5 gives several examples of joint 3D-beam model showing the
convergence of displacement and frequencies, and the credibility of the approach. We
also investigate the load continuity at the interface, and the effect of boundary con-
ditions. In section 3.5.7, we investigate the free-vibration response of a nonuniform
beam-like structure using joint 3D-beam method.





In this Chapter, we present joint 2D-beam approach for static analysis of linear beam-
like structures. This joint 2D-beam is developed in order to understand what is needed
for analyzing the joint 3D-beam model. Simplifying the model as linear static and
reducing the joint 3D-beam analysis to a 2D-beam analysis with symmetric cross-
section and planar deformation allows the use of analytical solutions, thus obviating
the need of numerical procedures for parts of the problem.
In this approach, we divide the whole structure into 2D parts and beam parts
according to boundary and geometry of the parts, get the stiffness matrices for each
part, assemble them, and then solve the assembled system. The derivation of the
governing equation is based on a simple strip beam, with boundary end constructed
as a 2D model and the free end constructed as a beam model. The assembly is
achieved by using transformation matrix at the interface. We present two sets of
approaches to obtain the transformation matrix. One is from deflection continuity
and the other is from load continuity. For the load continuity approach, we present
two methods, which are stress recovery using the variational-asymptotic method, and
assumed stress distribution method. The governing equation of the whole system
is obtained by connecting the 2D model and the beam model with transformation
matrix at the interface. Finally, the governing equation of the whole structure can be
solved as one linear system.
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2.1 General Methodology and Approach
2.1.1 Static 2D model formulation
For 2D finite element model, the general form of equation of equilibrium can be
written as
Kq = Q (1)
where K is the 2D stiffness matrix, q is the nodal displacements vector, and Q is the
nodal load vector. If we define the total number of nodes as B+I+N, where B is the
number of nodes with boundary displacement constraint, I is the number of nodes on
the interface, and the total number of nodes that are neither constrained nor on the
interface is N, the total number of degrees of freedom of the 2D model is 2(B+I+N).
The global equation of equilibrium can be reformed as Eq. (2), where the subscripts
B, u and I mean boundary, interior and interface, respectively. The partitioned form




























After the displacement boundary conditions are applied, we can find a reduced
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For beam finite element model, the general form of equation of equilibrium can be
written as
k ξ = Ξ (4)
where k is the beam stiffness matrix, ξ is the nodal displacements and rotations
vector, and Ξ is the nodal load vector. If we define the total number of beam nodes
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as 1+m, where 1 is the number of interface node, and m is the total number of interior
and load boundary nodes of the beam model, the total degree of freedom of the beam

























where the subscript b, and I mean beam, and interface respectively. Details of the
beam formulation are presented in Section 2.4.
2.1.3 Deflection Continuity
The relationships between beam 1D displacements and rotations and the 2D displace-
ment variables at the interface can be put in the form
[R]
3×2I
{qI}2I×1 = {ξI}3×1 (6)
where [R] is a transformation matrix. The formulation of matrix [R] is discussed in
section 2.2.
2.1.4 Load Continuity
The relationship between sectional stress resultants and the 2D nodal load over the
section, when linearized, has the form
− [S]
2I×3
{ΞI}3×1 = {QI}2I×1 (7)
where [S] is a transformation matrix. The formulation of matrix [S] is discussed in
section 2.3.
2.1.5 Joint 2D-Beam Equations
Combining Eqs. (3) and (5), also making use of the continuity conditons (6) and (7),
we can obtain the following equations which govern the joint 2D-beam problem. This
12
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which can be solved as a system. The total number of unknowns is 2N+2I+3m.
2.2 Deflection Continuity
The basic idea of deflection continuity is to construct a transformation matrix [R]
which leads to a relationship between beam interface displacement and rotations,
and 2D nodal displacements over the section. The continuity expression is given in
Eq. (6). Section 2.2.1 introduces notations and conventions of the beam configuration.
Detailed formulations of displacement and load continuity are discussed in Section
2.2.2 and Section 2.2.3 respectively.
2.2.1 3D Formulation in Terms of Intrinsic 1D Variables
Let us use the same notation as in the book by Hodges [33]. This section 2.2.1 is from
[33], page 36, A. Beam Configuration and Base Vectors, quoted with permission of the
author. It is convenient to introduce a reference frame A, in which are fixed dextral,
mutually perpendicular, unit vectors Ai for i = 1, 2, 3. Let x1 denote arc length
along a curved reference line r for an undeformed but initially curved and twisted
beam. Let xα denote lengths along straight lines that are orthogonal to each other
and to the reference line r within a cross-section Σ(x1). (Here and throughout this
dissertation, unless specified otherwise, Greek indices assume values 2 and 3, while
Latin indices assume values 1, 2 and 3. Repeated indices are summed over their
range unless indicated otherwise.) Here a point on the undeformed beam reference
line r is located relative to a point fixed in frame A by the position vector r(x1). At
each point along r define a frame b in which are fixed orthogonal unit vectors bi for



















Figure 1: Schematic of beam deformation (From Dewey H. Hodges, Nonlinear Com-
posite Beam Theory, AIAA 2006. Used by permission of the author.)
at r and b1 is tangent to r. Each value of x1 then specifies not only a point on r but
also a reference cross-section at that point. The frame b has an orientation that is
fixed in A for any fixed value of x1 but varies along the beam if the beam is initially
curved or twisted. A particle of the beam is then located from a fixed point in space
by the position vector r̂(x1, x2, x3), given by
r̂ = r + xα bα (9)
Similarly, consider the configuration of the deformed beam. The locus of material
points along r has now assumed a different curved line denoted by R. Let s denote arc
length along R. The locus of points belonging to the initially planar reference cross-
section of the undeformed beam has undergone a rigid body translation and rotation
as well as a warping displacement. At each point along R introduce the frame B in
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which are fixed orthogonal unit vectors B i(x1) for i = 1, 2, 3, with B1(x1) normal
to the deformed beam reference cross-sectional plane and Bα(x1) lying in this plane.
In order to represent the deformed state mathematically, rotation from b i to B i is
characterized in terms of the matrix of direction cosines, Cij, so that
Ci j = B i · bj (10)
Now the displacement field can be specified. Introduce R = r+u , where u = ui b i
is the 1D displacement variable, i.e. the position from a point on the undeformed beam
reference line to a point with the same value of x1 on the deformed beam reference
line. Now one can represent the position of a particle in the deformed beam that had
position r̂ in the undeformed beam as R̂(x1, x2, x3), given by
R̂ = r + u + xα Bα + wi B i (11)
where wi = wi(x1, x2, x3) represents the (small) warping displacement field. Except
for wi, all unknowns in this equation depend only on x1. Thus the 3D displacement
field is expressed in terms of the displacement of the reference line, u , the direction
cosine matrix of the cross-sectional frame, C, and the warping w and its partial
derivatives.
2.2.2 Displacement Continuity
From Eqs. (9) and (11), we can get
R̂ − r̂ = u + xα (Bα − bα) + wi B i (12)
The notation 〈〈 〉〉 is now introduced to represent the integration over the refer-
ence cross section; it will be used throughout the formulation for beam modeling.




= Ā [u + ξα (Bα − bα)] + 〈〈wi〉〉 B i (13)
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where Ā is the cross section area, and ξα are the cross section centroidal coordinates.
The warping functions can be chosen so that their averages vanish, viz.,
〈〈wi〉〉 = 0 (14)




= Ā [u + ξα (Cα i − δα i) b i] (15)




















Figure 2: The interface elements and nodes of 2D model
For 2D analysis with symmetric beam cross-sections shown in Figure 2, Eq. (16)






















u2 (a, x2) dx2 dx3 = Ā [u2 + ξα (Cα i − δα i)] (18)
where Cα i is the direction cosine matrix of the cross-section frame and will be obtained
later, ui = ui(x1, x2) are the displacements over the 2D interface, x1 = a is the location
of the interface, h is the height of the beam, t is the thickness of the beam, and ui are
the beam interface 1D displacement variables. Therefore, the left hand sides of Eqs.
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(17) and (18) can be expressed in terms of 2D model interfacial nodal displacements
while the right hand sides are in terms of beam displacement and rotation variables
at the interface.
2.2.3 Rotation Continuity
To find the expression for the nodal rotation Cα i at the interfacial beam element, we
are looking for a plane that can best approximate the deformed beam cross-section
at the interface, which is modeled by 2D solid elements. Given an interface location
x1, the deformed beam can be written as R̂(x1, x2, x3) which is a curved surface.
Assume an arbitrary set of orthogonal vectors Bα(x1) with which we can write a plane
xα Bα(x1) that can best approximate the curved surface described by R̂(x1, x2, x3).
The average distance between the two planes should be minimum (zero), so that
δ
〈〈[
R̂(x1, x2, x3) − xα Bα(x1)
]2〉〉
= 0 (19)













R̂ − xα Bα
)〉〉
= 0 (21)




= 〈〈xα xβ〉〉 Bα (22)








〈〈x2 R1〉〉 〈〈x2 R2〉〉 〈〈x2 R2〉〉


















〈〈x2 x2〉〉 〈〈x2 x3〉〉
















〈〈x2 x2〉〉 〈〈x2 x3〉〉
〈〈x3 x2〉〉 〈〈x3 x3〉〉

 (25)







(α = 2, 3) (26)
The left-hand side of Eq. (26) is in terms of the displacement of the 3D solid ele-
ments on the interface cross section, and B2, B3 can be obtained in terms of nodal












〈〈x2 R1〉〉 〈〈x2 R2〉〉 〈〈x2 R3〉〉













The unit vector B1 can be found by the relation B 1 = B2 ×B 3. From Eq. (10),
we can obtain Cij = B i ·bj. Thus nodal rotation Cα i at the interfacial beam element
can be interpreted as a combination of nodal displacements of the 3D elements on
the interface.
For the 2-D problem, we assume the cross section is symmetric with respect to
the x2 and x3 axes. Then we can write
B2 = t1 b1 + t2 b2 + 0 b3
B3 = 0 b1 + 0 b2 + 1 b3
































































For the 2-D problem, θ1 = θ2 = 0, then the direction cosine matrix of the cross-











































which also shows the linearized form of C.
Comparing the global transform matrix C from Eqs. (29) and (31), we can find
in 2D analysis, if θ3 is a small angle
θ3 = −t1 = B 2 · b1 (32)
Figure (2) shows the interface elements of the 2D model. The interface is located
at x1 = a. For an element k on the interface of the 2D model, the nodes at the
interface of the element k are labeled as i and j. The position vector of any point
(a, x2) on the interface can be written as follows
R̂ = [a + u1(a, x2)] b1 + [x2 + u2(a, x2)] b2 (33)
In 2D analysis, we can assume the cross section is symmetric with respect to the
x2 and x3 axes. By placing the origin of the x2 and x3 axes at the center of the cross
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section and choosing them along principal axes of the section, we have

































































































































x3 x3 dx2 dx3 = 〈〈x3 x3〉〉 (42)
From Eqs. (32) and (37), we can find the rotation of the beam θ3 in terms of the
nodal displacement of interface nodes,










[x2 u1 (a, x2)] dx2 (43)













[x2 u2 (a, x2)] dx2 ≈ 1 (44)
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2.3 Load Continuity
The basic idea of load continuity is to construct a transformation matrix [S] which
leads to a relationship between beam interface stress resultant and 2D nodal loads over
the section. The continuity expression is given in Eq. (7). Section 2.3.1 and 2.3.2 show
detailed construction of matrix [S] via stress recovery. Section 2.3.2 gives an alternate
method to construct matrix [S] via assumed stress and traction distributions.
2.3.1 Transformation matrix from variational-asymptotic method
2.3.1.1 Stress Recovery
Let’s start with the beam sectional stress resultant at the interface. In this chapter,
we consider only a 2D strip-beam. For a linearly elastic homogeneous and isotropic
beam model, we can find the sectional strain measures given the sectional stress


































= [S1] {Ξ} (45)
where all the quantities are evaluated at the interface x = a. (For 3D composite
beams, the full 6 × 6 matrix [S1] can be obtained from VABS. This will be used in
Chapter III.)
The variational-asymptotic method can be used to obtain an asymptotically-exact
expression for the strain energy of a prismatic beam. The beam is assumed to be suffi-
ciently thin that the plane-stress condition can be used. First, the strains are written
in terms of assumed zeroth-order warping functions. By minimizing the zeroth-order
approximation of strain energy with respect to the warping to obtain the zeroth-order
of the warping. Then by perturbing the resulting zeroth-order warping, one can then
minimize the second-order approximation of the energy with respect to the warping
function perturbations to obtain improved warping functions. Thus, the 2D strains
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can be obtained by substituting the assumed warping with the resulting improved
warping functions. Furthermore, by using the linear constitutive law, one can get the
2D stresses. At the interface of a beam, the stresses can be written as










where all the quantities are evaluated at x = a.
The nodal stresses over the interface section can be obtained simply by substitut-
ing the nodal position coordinates. For an interface section shown in Figure 2, we



































































where the superscripts i in σi11 or σ
i
12 is the global node number. The maximum
number of nodes on the interface is denoted I. To simplify the writing, define λ =
5
8(ν + 1)
. (For 3D beams, matrix product [S2][S1] can be obtained directly from
stress recovery analysis using variational-asymptotic method, as in VABS. This will
be undertaken in Chapter III.)
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2.3.1.2 Form Nodal load
First, we will examine the nodal load in any element k at the interface. As shown in
Figure 2, in element k, there are two nodes i and j that lie on the interface, where
i and j are the global node numbers. We can find the traction distributions on the
interface of element k by averaging the nodal stresses of nodes i and j. pk and fk are













Since the average traction on the interface of element k is a constant, we can





















































where Ak = |yi − yj| t. Thus, for this local element k, we can write the relationship
















1 0 1 0
0 1 0 1
1 0 1 0














After evaluating all the elements along the interface, we can get an assembled
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A1 0 A1 0 0 0 · · ·
0 A1 0 A1 0 0 · · ·
A1 0 A1 + A2 0 A2 0 · · ·
0 A1 0 A1 + A2 0 A2 · · ·
0 0 A2 0 A2 + A3 0 · · ·
























In a simplified form the above equation can be written as {QI} = [S3] {σi}, where
{QI} is the vector of nodal forces, and {σi} is the vector of nodal stresses. (For 3D
beams, matrix [S3] can be obtained using similar method via stress smoothing over
the interface cross-section. This is undertaken in Chapter III.)
Therefore, by combining Eq. (45), (48) and (56), the transformation matrix [S]
can be obtained as
[S]
2I×3 = [S3]2I×2I [S2]2I×3 [S1]3×3 (57)
2.3.2 Transformation matrix from assumed stress method










Figure 3: Distributed forces and surface tractions on a cross-section
On a 2D beam cross-section, there are axial force P , shear force F and moment
M . One can find the equivalent distributed normal forces p, m and surface traction
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f for P , M , and F respectively. One can reasonably assume that p is uniformly
distributed on the cross-section, m has a linear distribution and f has a parabolic
distribution. The distributions are shown in Figure 3. By fitting the distribution and






3 (b2 − y2)
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where the dimensions of the beam cross-section are given in Figure 2, and P , F , M
are corresponding axial load, shear force and moment.
2.3.2.2 Constructing S
For a typical cross-section shown in Figure 4, suppose there are total of n nodes
on this cross-section that are numbered from bottom to top, such as y1 = −b and
yn = b. Therefore, there are n − 1 divisions on this cross-section that are numbered













Figure 4: Interface nodes illustration of constructing S matrix
In a typical division i©, the distributions are assumed to be uniform, and the mid-
point value of that division are used in computation. Within the division i©, locally
the lower node is labeled 1 and the upper node is labeled 2. For unit concentrate
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(yi + yi+1), and i = 1, · · · , n− 1. Using the shape function and average
























(yi+1 − yi) m̄i
(60)
where i = 1, · · · , n − 1.





P̄ 11 0 M̄
1
1
0 F̄ 11 0




















0 F̄ n − 22 + F̄
n − 1
1 0
P̄ n − 12 0 M̄
n − 1
2




where the superscripts stand for the divisions and the subscripts stand for the local
node number within a division. (For 3D beams, using a method similar to that
discussed in this section, matrix [S] can be obtained by fitting curved surfaces.)
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2.4 2D Beam Formulation
2.4.1 2-Node Beam Element
The beam can be divided into n elements with n + 1 nodes as shown in Figure 5.
For an arbitrary element k, the nodes are labeled as i and j and the length of this
element is l.
1 2 3 i j
xi = x1 xj = x2
n n + 1
· · · · · ·
l
k
Figure 5: Beam discretization and elements
In element k, sectional strains at nodes i and j can be written in terms of nodal


























(Pi ui + Fi vi + Mi θi)
(65)
The first integration is known as the elastic strain energy due to stretching and
bending including the shear effect. The second integration is the work done by the
distributed load, and the remaining terms are the work done by the concentrated








Figure 6: A typical beam element with the definition of deflections and loads at the
nodes
Substituting Eqs. (62), (63) and (64) into the potential energy expression above,


























(p u + f v + m θ) dx −
n∑
i=1
(Pi ui + Fi vi + Mi θi)
(66)
The Principle of Minimum Total Potential Energy says that a beam is in equilib-
rium if the total potential energy is a minimum with respect to all arbitrary choices of
virtual displacements that satisfy the geometric boundary conditions. Thus, we can


























(p δu + f δv + m δθ) dx −
n∑
i=1
(Pi δui + Fi δvi + Mi δθi) = 0
(67)
x = x1 x = x2 ξ = −1 ξ = 1
Figure 7: 2-Node Beam element with global coordinate and natural coordinate
Figure (6) shows a typical beam element with the definition of deflections and
28
loads at the nodes. Figure (7) shows the transformation of a typical beam element
from global coordinates to natural coordinates.
For the 2-node element, the deflections u, v, and θ can be written in terms of the




Ni ui, v =
2∑
i=1


















(−1 ≤ ξ ≤ 1)
(69)






























































































































































Ni f dx + Fi, P̄i =
∫ x2
x1
Ni p dx + Pi, M̄i =
∫ x2
x1
Ni m dx + Mi
(71)
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Since all the virtual displacements and rotations are arbitrary, we can get 6 equa-
tions from equation (70). By rearranging the six equations into matrix form, we get



























































































The global equilibrium as Eq. (5) can be obtained by assembling all the local
elements and including the boundary conditions. This 2-node beam formulation is
expected to lock, thus a 3-node beam element is needed.
2.4.2 3-Node Beam Element
Figure (8) shows the transformation of a typical 3-Node beam element from global
coordinates to natural coordinates.
x = x1
x = x2
x = x3 ξ = −1
ξ = 0
ξ = 1
Figure 8: 3-Node Beam element with global coordinate and natural coordinate
For the 3-node element, the deflections u, v, and θ can be written in terms of the
30




Ni ui, v =
3∑
i=1








ξ (ξ − 1)




ξ (ξ + 1)
(74)
Follow the same procedure as the 2-Node formulation in section 2.4.1, the local
finite element equilibrium equations of a 3-Node element can be obtained as












































































































































































































































































































2.4.3 4-Node Beam Element
Figure (9) shows the transformation of a typical 4-Node beam element from global












Figure 9: 4-Node Beam element with global coordinate and natural coordinate
For the 4-node element, the deflections u, v, and θ can be written in terms of the




Ni ui, v =
3∑
i=1



























1 + 3 ξ − ξ2 − 3 ξ3
)
(79)
Following the same procedure as the 2-Node formulation in section 2.4.1, the local
finite element equilibrium equations of a 4-Node element can be obtained as
























































































































































































































































































































































































































































































































































































































































































































































































Figure 10: A joint 2D - Beam Example
We consider a beam with one end clamped and the other end subjected to a shear
force. We know that the clamped end of the beam is subject to the largest bending
moment. Since the beam model cannot capture the end details of the structure, the
clamped end is modeled as a 2D model, and the rest of the structure is modeled as a
beam. Figure 10 shows the configuration of this joint structure. The geometry and
material properties of the structure are given in Table 1.
Table 1: Dimensions and Properties of the joint 2D-beam structure
Dimensions
Total length = 8 m
Length of the 2D part = 2 m
Length of the beam part = 6 m
Height 2b = 1.5 m
Thickness t = 0.5 m
Material properties
E = 70 GPa
ν = 0.35
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2.5.2 Results and discussion
2.5.2.1 Convergence Study
To examine the convergence of the joint 2D-beam analysis, cases are performed using
different numbers of 2D elements and beam elements, and different types of elements.
There are cases R, S, Sa and RS, where R stands for using [S] = [R]
T in the final
assembled stiffness matrix as in Eq. (8), S stands for using [R] = [S]T . Sa stands
for using the alternative method to construct [S] matrix and also in the Eq. (8)
[R] = [Sa]
T . RS means using the original form of Eq. (8). For all the joint cases,
2D part used various numbers of 8-node elements and the beam part used a single
4-node element.
In order to compare with joint model, a full 2D analysis is preformed using
ABAQUS 6.8. The full 2D model has 30000 8-node elements, and the same boundary
conditions and loads are applied. This model is called “Fine Mesh.” Results from
the Fine Mesh are compared to the 2D-beam results.
Table 2 shows the right-end transverse displacement u2 using joint 2D-beam and
Fine Mesh models. The relative errors are calculated in comparison with the u2 of
the Fine Mesh model, which is the mid-point transverse displacement of the right-end
cross-section. The resulting u2 from the Fine Mesh model is 1.7758 × 10−5 m. One
can observe that the joint 2D-beam analysis converges to the Fine Mesh analysis very
quickly as the element number and interface node numbers are increased. The beam
right end transverse displacement resulted from the joint analysis is very close to the
full 2D analysis.
Figure 11 shows the right end transverse displacements using different methods
versus the u2 from fine mesh model. One can observe that all methods converge to



































































































































































































































































































































































































































































































































Figure 11: Right end transverse displacements using different methods


































Figure 12: Right end transverse displacements using different methods comparing
to full 2D analysis using same mesh density as used in the 2D part of the joint models
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Figure 12 shows the absolute difference between right end transverse displacement
u2 using different methods and the fine mesh result. The legend “2D” in the figure
represents the full 2D analysis using the same mesh density as the 2D part of the
joint models. From Figure 12, one can observe that all methods converge to the Fine
Mesh result. The RS, S and Sa methods converge faster than the same mesh density
full 2D analysis.
2.5.2.2 Credibility Study
In order to verify the credibility of the joint 2D-beam analysis, a sample cross-section
is selected at x = 1, where the displacements, strains, and stresses are compared using
both same mesh density full 2D and joint 2D-beam methods. Figures 13-18 show the
displacements, strains and stresses on the sample cross-section, where the joint 2D-
beam method uses 400 8-node elements in the 2D part and 20 4-node elements in the
beam part.
Figures 13 and 14 show the axial displacement u1, and transverse displacement
u2 results using different methods. One can observe that the displacements u1 agree
really well for all the methods, and one can hardly notice the difference within the
precision of the plot. For the plot of u2, one can observe that the R method gives
results that are almost indistinguishable from full 2D analysis. Other methods give
inferior results compared to the full 2D method.
Figures 15 and 16 show the normal strain ǫ11, and shear strain ǫ12 results using
different methods. One can observe that the normal strain ǫ11 agrees really well for
all the methods, and one can hardly notice the differences within the precision of
the plot. For the plot of ǫ12, one can observe that all methods give the results that
are almost indistinguishable from full 2D analysis except R method. But even the R
method gives sufficiently accurate results compared to the full 2D method.
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Figure 13: Axial displacement u1 on cross section x = 1
































Figure 14: Transverse displacement u2 on cross section x = 1
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Figure 15: Normal strain ǫ11 on cross section x = 1































Figure 16: Shear strain ǫ12 on cross section x = 1
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Figure 17: Normal stress σ11 on cross section x = 1


























Figure 18: Shear stress σ12 on cross section x = 1
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Figures 17 and 18 show the normal stress σ11, and shear stress σ12 results using
different methods. One can observe that the normal stresses σ11 agree really well for
all the cases, and one can hardly notice the difference within the plot precision. For
the plot of σ12, one can observe that all methods provide results that are virtually
indistinguishable from full 2D analysis except the R method. But even the R method
gives sufficiently accurate results compared to the full 2D method.
Table 3: Relative errors of the characteristic variables. For all the cases 400 8-node
elements are used for the 2D part, and 20 4-node elements for the beam part.
Relative Errors %
Characteristics R S RS Sa
u1 0.06412 0.20255 0.20254 0.18473
u2 0.07208 0.21695 0.21693 0.18738
ǫ11 0.18386 0.19521 0.19520 0.18210
ǫ12 1.22089 0.13401 0.13397 0.07814
σ11 0.14211 0.19458 0.19457 0.18143
σ12 1.22089 0.13394 0.13390 0.07806
The relative errors of the displacements, stresses and strains using different trans-
form matrices are computed and listed in Table 3. In computing these relative errors,
the joint 2D-beam method uses 400 8-node elements in the 2D part and 20 4-node
elements in the beam part. The relative errors are computed using the 2-norm of the
nodal relative errors on the interface.
From Table 3, one can observe that all the methods give low relative errors which
mean our joint analysis is reliable. Among all these methods, the R method gives
relatively low errors on displacements and relatively high errors on shear strain and
stress. Sa method gives low errors on shear strain and shear stress. This is because R
method is based on displacement continuity and Sa is based on load continuity with
exact stress distribution on the interface. Over all, all methods give very good results
compared to the full 2D analysis.
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2.5.2.3 2D Region Length Effect
Since beam models are not accurate near boundaries, it is necessary that 2D solid
elements be used. In order to maximize the computational efficiency, the beam portion
should be as long as possible. However, the length of the 2D region must be sufficiently
long to accurately capture the boundary region behavior. Therefore, several joint
models are performed to obtain this optimum length of the 2D part. Among the






as the stiffness matrix to
solve the system matrices, where K has the original stiffness matrix form as in Eq.
(8).
Joint models as described in Section 2.5.1 are performed with various length of
the 2D region, a = 0.5 – a = 3.0 with increment of 0.25. The scheme is illustrated in










Figure 20: 2D region length effect model with 2D region length a = 3 m
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Figure 21: Relative error of end beam transverse displacement u2


































Figure 22: Relative error of end beam rotation θ
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The relative errors of right end displacement and rotation are shown in Figs. 21
and 22. The relative errors are calculated in comparison to the full 2D analysis of same
mesh density. From the figures one can observe that for methods RS and Symm RS,
there are relatively low values of relative errors of beam end transverse displacement
and rotation at a = 0.75 and a = 1. Although no optimum location is found for other
methods, the relative errors are very small so that these methods are reliable to use.
To examine the effect of the length of the 2D region, a sample point is selected at
(0.25, 0.375) which is shown as the dot on Figs. 19 and 20. The results of displace-
ments, stresses and strains at the sample point using various 2D region lengths are
compared in Figs. 23-28.
Figures 23 and 24 show the relative errors of axial and transverse displacements at
the sample point. From these figures, one can observe that when a ≤ 1.5, the relative
errors for all methods decrease as the length of the 2D region increases. When a ≥ 1.5,
the relative errors become relatively stable. Therefore, we can use an optimum length
of a = 1.5, since longer length of the 2D region will not give much improvement on
accuracy.
Figures 25 and 26 show the relative errors of normal and shear strain at the sample
point. From these figures, one can observe that when a ≤ 1.5, the relative errors for
all methods decrease as the length of the 2D region increases. When a ≥ 1.5, the
relative errors for all but the R method become relatively stable. For the R method in
both figures and the Sa method in Fig. 25, the relative errors fluctuate around x = 1.5,
while the overall trend for the relative errors is to decrease and then become stable
as the length of the 2D region increases. The R method gives the overall minimum
relative error for the strains at the sample point when the length of the 2D region is
long enough.
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Figure 23: Relative Error of axial displacement at sample point (0.25, 0.375)





























Figure 24: Relative Error of transverse displacement at sample point (0.25, 0.375)
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Figure 25: Relative Error of normal strain at sample point (0.25, 0.375)




































Figure 26: Relative Error of shear strain at sample point (0.25, 0.375)
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Figure 27: Relative Error of normal stress at sample point (0.25, 0.375)




































Figure 28: Relative Error of shear stress at sample point (0.25, 0.375)
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Figures 27 and 28 show the relative errors of normal and shear stress at the sample
point. From these figures, one can observe that when a ≤ 1.5, the relative errors for
all methods decrease as the length of the 2D region increases. When a ≥ 1.5, the
relative errors become relatively stable. For the R method and Sa methods in both
figures, the relative errors fluctuate at x = 1 ∼ 2, while the overall trend for the
relative errors is to decrease and then becomes stable as the length of the 2D region
increases. When the length of the 2D region is long enough, the relative errors for all
the methods are stable and stay at a low level.
From Figures 21–28, we can observe that S method gives stable results for all the
character variables at the sample point. The technique of constructing transformation
matrix using S method can also be achieved via VABS. VABS has been successfully
applied on numerous analyses, see [67, 73, 74]. Thus, this 2D-beam study provides a




In this Chapter, we present joint 3D-beam approach for static and dynamic analysis
of beam-like structures. The goal of this joint 3D-beam approach is to divide the
whole structure into 3D parts and beam parts according to boundary and shape of
the parts, get the stiffness matrices and mass matrices for each part, assemble them,
and then solve the assembled system. The derivation of the governing equation is
based on a simple strip beam, with boundary end constructed as a 3D model and the
free end constructed as a beam model. This derivation can be extended to obtain
the governing equation for structures that have more than one 3D part and more
than one beam part. The assembly is achieved by using transformation matrices at
the interfaces. For joint 3D-beam approach, the transformation matrix is obtained
by stress recovery using the variational-asymptotic method. The beam cross-section
properties and warping functions are obtained from VABS constitutive analysis. The
governing equation of the whole system is obtained by connecting the 3D models
and the beam models with transformation matrices at the interfaces. Finally, the
governing equation of the whole structure can be solved as one linear system.
3.1 General Methodology and Approach
3.1.1 Static formulation
First, consider a joint model with only one 3D part and one beam part as shown in
Figure 29. For the present study, we consider only conservative external forces, for
which the total potential energy can be written as
Π = U − W (83)
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Figure 29: Joint 3D-beam example with one 3D part and one beam part
where W is the work done by conservative external forces. We can write strain energy
and external work separately according to the 3D model and beam model, so we have
Π = U3D + Ubeam − W3D − Wbeam −
(





where W I3D and W
I
beam are internal work done by forces on the interface of the 3D
part and the beam part, respectively. Forces on the interface are internal forces, but
they can be viewed as external forces. For the 3D interface, the forces on the interface
are reaction forces from the beam interface. For the beam interface, the forces are


































where Su and Sub are the displacement boundaries of the 3D and beam models,
respectively. Sσ and Sσb are the traction boundaries of the 3D and beam models,
respectively. SI and SIb are the traction boundaries, i.e. the interface areas of the
3D and beam models, respectively. u and f are displacement and tractions on the
according displacement and traction boundary respectively. For simplicity, assume
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that all displacement components on Su and Sub are prescribed as zero. By writing
the displacements in terms of nodal displacements and shape functions, integrating
over each element, and taking the variation respect to nodal displacements, one can























































− δξTb Ξb − δqTI QIi − δξTI ΞI
(86)
where [K] is the stiffness matrix of the 3D solid model, [k] is the stiffness matrix
of the beam model, q is the nodal displacement of the 3D model, {ξ} is the nodal
displacement and rotations of the beam model, Q is the nodal forces of the 3D solid
model, and {Ξ} is the vector of sectional stress resultants of the beam model. The
subscript u stands for the interior of the 3D model, I for the interface, and b for the
beam interior. Specially QIe and QIi stand for the nodal forces on the interface from
external loads and internal loads respectively.
The relationships between beam 1D displacements and rotations and the 3D dis-
placement variables at the interface can be put in the form
R qI = ξI (87)
where R is a transformation matrix. Since R connects 3D nodal displacements with
the beam displacements and rotation, R is called the transformation matrix from
deflection continuity. The relationship between sectional stress resultants and the 3D
nodal load over the section, when linearized, has the form
−S ΞI = QIi (88)
where S is a transformation matrix. Since S connects 3D nodal forces with the beam
sectional stress resultants, S is called the transformation matrix from load continuity.
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Substituting Eqs. (87) and (88) into the variation of total potential energy Eq.




KIu KII + R
T kII R R
T kIb




































where the last term on the right-hand side represents equilibrium on the interface
which leads to
RT = S (90)
Therefore, we can use the transformation matrix from load continuity S instead of




Figure 30: Base blocks - 3D and Beam model
For systems that include more than one 3D part and more than one beam part,
the governing matrix can be assembled using base blocks shown in Figure 30. In the
base 3D block model, l stands for left interface, u for interior, and r for right interface.
In the base beam block model, 1 is the left interface node, b stands for the interior






























The assembly can be obtained by adding entries associated with beam interface nodes
1 or n to the corresponding 3D stiffness interface entries, Krr or Kll.
3.1.2 Dynamic formulation
Hamilton’s principle in its most general form, usually referred to as Hamilton’s ex-




δ (T − U) + δW
]
dt (93)
where T is the kinetic energy of the system, U is the strain energy of the system,
δW is the work done by all external forces through a virtual displacement of the












ρ u̇2 dVb (94)
where ρ is the mass per unit volume, u is the displacement, ˙( ) is the first derivative
with respect to time.












ρ u̇2 dVb −
(∫
SI






By using Eq. (87) in the kinetic expression, integrating in the time domain, and taking
variation with respect to displacements, we can get the mass matrix for joint model





MIu MII + R
T mII R R
T mIb





where M is the mass matrix of the 3D model, m is the mass matrix of the beam
model. If we write the stiffness matrix in Eq. (89) as K, the free vibration of the
simple joint problem can be written as
Mü + Ku = 0 (97)
For joint models that include more than one 3D part and more than one beam part,
the mass matrix can be assembled using the base blocks shown in Figure 30. Similar




























The assembly can be obtained by adding entries associated with beam interface nodes
1 or n to the corresponding 3D mass interface entries, Mrr or Mll.
3.2 Transformation matrix S
In a similar manner to determining the transformation matrix based on joint 2D-
beam load continuity, we need to construct a transformation matrix S that leads to a
relationship between the beam interface stress resultant and the 3D nodal loads over
the interface. This relationship can be written as
F = SF (100)
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where F is the forces on nodes at 3D interface, and F is the sectional stress resultant

















Fx Fy Fz Mx My Mz
⌋T (101)
In order to construct matrix S, firstly Gauss point stresses are recovered from
the beam sectional stress resultant. Then, the Gauss point stresses are regarded as
normal distributed load or surface tractions to form nodal concentrated loads. Stress
recovery is discussed in section 3.2.1, and the formation of nodal loads is discussed in
section 3.2.2.
3.2.1 Stress recovery
The relationship between beam sectional stress resultant and generalized strain mea-
sures for the generalized Timoshenko beam model can be written as
ε = ΦF (102)
where ε = ⌊γ11 2γ12 2γ13 κ1 κ2 κ3 ⌋T are the generalized 1D strain measures
obtained from a generalized Timoshenko beam analysis, F the cross sectional stress
and moment resultants and Φ the 6 × 6 cross-sectional flexibility matrix which can
be obtained from VABS constitutive analysis. Then, 1D strain measures for the
generalized Timoshenko model can be rewritten as
ǫ =
⌊







Introducing permutation matrices PI and PJ and using Eq. (102), we can write
ǫ = PIΦF (104)






1 0 0 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0






0 1 0 0 0 0
0 0 1 0 0 0

 (106)
Since PI , PJ and Φ are constant matrices, we can differentiate both sides of Eqs.
(104) and (105), and obtain
ǫ
′











We need to express the beam strain measures defined for the generalized Tim-
oshenko model (ǫ and γs) in terms of the classical strain measures (ǭ) used in the
asymptotically correct model. The kinematical identity between these two sets of
strain measures can be obtained as
ǭ = ǫ + Q γ
′








































where the detailed derivation can be found in [32].
To find the derivatives of the stress resultants, the 1D nonlinear equilibrium equa-
tions can be arranged as






F − φ (110)
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where O3 is a 3 × 3 matrix of zeros and the elements of φ are known distributed
1D applied and inertial forces and moments. For the present study, we consider zero
distributed loads. One may discard the γ term in R by virtue of the small strain


















(104), (105) and (107). The strain measure ǭ and its derivatives can be obtained by
substituting ǫ, γs and their derivatives into Eq. (108) as
ǭ = Cǭ F , ǭ
′
= Cǭ′ F , ǭ
′′
= Cǭ′′ F (112)
where
Cǭ = PIΦ + PPJΦ − QPJΦR
C¯
ǫ
′ = QPJΦ(R2 −R
′
) − (PIΦ + PPJΦ)R
C ¯
ǫ
′′ = (PI + PPj)Φ(R2 −R
′




According to [32], the 3D strain field can be recovered as follows
Γ = [(Γa + ΓR) (V0 + V1R) + Γǫ] ǭ





where the 3D strain field is defined in terms of column matrix
Γ = ⌊ Γ11 2Γ12 2Γ13 Γ22 2Γ23 Γ33 ⌋T (115)
V0, V1R and V1S are the nodal values of the asymptotically correct warping functions
for classical modeling, the correction from nonzero initial curvatures/twist and the
correction from transverse shear deformation, respectively. V0, V1R and V1S can be
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obtained from the VABS cross-sectional analysis. The operators Γa, ΓR, Γǫ and Γl,




























1 0 x3 −x2
0 −x3 0 0
0 x2 0 0
0 0 0 0
0 0 0 0




























where ∆ is a 3 × 3 identity matrix, O3 is a 3 × 3 matrix of zeros, the operator (̃ ) is
defined such that (̃ )ij = −eijk( )k and g is the determinant of the metric tensor for
the undeformed state, with
√
g = 1 − x2k3 + x3k2.
For each element on the interface, the 3D strain Γ on the Gauss point can be
obtained by knowing the coordinate of the Gauss point. In order to obtain the
transformation matrix S, we need to write the 3D strain in terms of the sectional
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stress resultant F . Substituting Eq. (112) into (114), we have
Γ = CΓ F (120)
with
CΓ = [(Γa + ΓR) (V0 + V1R) + Γǫ] Cǭ
+ [(Γa + ΓR) V1S + Γl (V0 + V1R)]Cǭ′
+ ΓlV1SCǭ′′
(121)
Therefore, the 3D stress field can be obtained using the 3D stress-strain relation,
which is of the form
σ = D Γ (122)
where the 3D stress components are elements of the matrix
σ = ⌊ σ11 σ12 σ13 σ22 σ23 σ33 ⌋T (123)
and D is the 6 × 6 material matrix. In terms of sectional stress resultant, we can
write the 3D stress field as
σ = DCΓ F (124)
3.2.2 Nodal load on interface
After we obtain the 3D stress field on the interface, the stresses at each Gauss point
can be calculated given its coordinates. The stresses on the Gauss points in each
element are regarded as normal force distribution or shear force distribution on the
interface. Therefore, we can integrate the distributed load over the area surrounding
the corresponding Gauss point and lump this force to the nearest element node. By
doing so over all the elements on the interface, we can obtain the nodal forces for all
the nodes on the interface.
For the brick elements, there are six stress components at each Gauss point, σ11,











Figure 31: Stresses on an infinitesimal element at an arbitrary interface Gauss point
σ11, σ12, σ13 can be regarded as surface tractions in the normal x1 and tangential (i.e.
shear) directions along x2 and x3, respectively. Therefore, the integration of σ11 gives
the nodal force Fx in the x1 direction, the integration of σ12 gives the nodal force
Fy in the x2 direction, and the integration of σ13 gives the nodal force Fz in the x3
direction.
For an arbitrary 2D element e with four nodes, i, j, k, and l at the interface, we
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local element master element
Figure 32: Gauss points on 2D four-node master element
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We can integrate σ11, σ12, σ13 over the area surrounding the Gauss point to get
nodal forces Fx, Fy and Fz of the corresponding Gauss point. For example, at Gauss






















σI13 |J | dξdη = σI13 AI
(125)
where |J | is the determinant of the Jacobian matrix of the element e, and AI is
the area surrounding the Gauss point I. Then the nodal forces can be obtained by
extrapolation of the forces at Gauss points,


N1(I) N2(I) · · · Nm(I)





























(i = x, y, z) (126)
where n is the total number of Gauss points, and m is the total number of element
nodes. Therefore, the nodal forces can be obtained by solving the linear system of
equations in Eqn. (126).
For an arbitrary 2D element e with eight nodes, i, j, k, l, m, n, p and q at the
interface, we use nine Gauss points denoted as I, II, · · · , VIII, and IX in Figure 33.
In the eight-node element, there are nine Gauss integration points, the master
element is partitioned into nine parts. The Gauss point forces, Fx, Fy and Fz, can
be obtained by integrating σ11, σ12, σ13 over the area surrounding the Gauss point.



































local element master element





































σI13 |J | dξdη = σI13 AI
(127)
where |J | is the determinant of the Jacobian matrix of the element e, and AI is the
area surrounding the Gauss point I.
Then the nodal forces at nodes i, j, k, l, m, n, p and q, if any, can be obtained
by extrapolation of the forces at Gauss points using Eqn. (126). In a simplified form,
we can write
F e = P eA σ
e (128)
where F e is the vector of nodal forces in the element, PA is a matrix including the
area information of the element and shape function evaluated at the Gauss points,
and σe is the vector of Gauss point stresses. Making use of Eq. (124), we have the
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relationship between element nodal forces and sectional stress resultants as
F e = P eA De CeΓ F (129)
where the superscript e means these matrices are evaluated inside element e. So, we
can get the element transformation matrix Se as
Se = P eA De CeΓ (130)
For the whole interface, we can assemble the element transformation matrix Se for
every element on the interface to get the global transformation matrix S for this
interface. Therefore, we can eliminate the superscripts and write
S = PA DCΓ (131)
3.3 Timoshenko Beam formulation
In this work, we consider a linear 1D generalized Timoshenko model for the beam
formulation. Start with the kinematical equation subjected to any given boundary
and loading conditions, and given the 1D stiffness matrix calculated by VABS
γ = u
′





where u(x1) is the column matrix of displacement measures expressed in the beam
cross-sectional frame and θ(x1) is the column matrix of infinitesimal cross-section
rotations.
Using beam shape functions N , which can be found in Eqs. (69), (74), and (79)
for different beam element types, we can write vector u(x1) and θ(x1) in terms of































Substituting Eq. (134) into Eq. (132), we can write the kinematical equations in a


















where dN is the 6 × 6n matrix with n the number of nodes in the element, and has
the form











−k1Ni 0 0 −Ni
−k2Ni k1Ni ∂Ni∂x 0 Ni 0
0 0 0 ∂Ni
∂x
−k3Ni k2Ni




0 0 0 −k2Ni k1Ni ∂Ni∂x


(i = 1, 2, · · · , n)
(137)
The strain energy for Timoshenko beam with constitutive law written in terms of
























where S is the 6 × 6 cross-sectional stiffness matrix which can be obtained from
VABS cross-sectional constitutive analysis. Substituting the generalized strains in
terms of nodal displacements and rotations, Eq. (135), into the energy equation, and
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taking variation of the strain energy respect to nodal displacements and rotations,




dNT S dN dx (139)

























where V and Ω are the velocities with V = u̇ and Ω = θ̇. M is a cross-section mass





µ 0 0 0 µx̄3 −µx̄2
0 µ 0 −µx̄3 0 0
0 0 µ µx̄2 0 0
0 −µx̄3 µx̄2 i2 + i3 0 0
µx̄3 0 0 0 i2 i23




where µ is the mass per unit length, x̄2 and x̄3 are offsets from the reference line of
the cross-sectional mass centroid, and i2, i3 and i23 are cross-sectional mass moments








where ξ = ⌊0 x̄2 x̄3⌋T
Hamilton’s principle for this linear non-rotating free-vibration beam problem can
be written as ∫ t2
t1
[δ (T − U)] = 0 (143)
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Substituting strain energy and kinetic energy into this equation, integrating the re-
sulting expression by parts to bring u and θ into evidence, we can get the governing




















where m is the beam mass matrix, and k is the beam stiffness matrix. The element




NT MN dx (145)
where N is a 6 × 6n matrix with Ni the shape functions and ∆ the 6 × 6 identity
matrix.
N = [N1 ∆ N2 ∆ N3 ∆ · · · Nn ∆] (146)
3.4 Joint 3D-beam program flow chart
A Fortran program is developed to calculate the static and free-vibration response
for the joint 3D-beam model. The flow chart of the program is shown in Figure 34.
For this joint 3D-beam program, the whole model is divided into several blocks
which are 3D blocks and beam blocks. The constrained left end block should be
a 3D block and labeled as the first block. In other blocks, there are no boundary
constraints. The 3D blocks are labeled in odd numbers, and beam blocks are labeled
in even numbers. The (2i)th beam block should connect to the (2i−1)th and (2i+1)th
3D blocks, if the (2i)th block is not the end block. If the (2i)th block is the last block,
it should connect to the (2i − 1)th 3D block only.
The 3D block analysis provides isoparametric 8-node and 20-node brick elements,
but inside a 3D block only one type of solid element is allowed. The beam analysis
provides isoparametric 2-node, 3-node and 4-node beam elements, but only one type
element is allowed in a beam block.
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Loads can be applied on all nodes except nodes on the displacement boundary and
interfaces. All loads are applied as concentrated forces and moments. For distributed
loads, one should lump the distributed loads onto nodes using corresponding shape
functions beforehand.
The interface mesh and material properties for beam constitutive analysis are
inherited from the corresponding 3D blocks. The input file for VABS is written
automatically after reading the 3D input file. The interfaces at the two ends of the
beam block are not required to have the same mesh.
The assembly of the system load vector, stiffness and mass matrices is updated
after every block analysis. Only the nonzero entries of the final stiffness and mass
matrices are stored. HSL MA57 Fortran package is used to solve the static problem.
HSL EA16 Fortran package is used to obtain the eigenvalues and eigenvectors of the
free-vibration problem.
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Read total number of
Blocks and input file for
each block
Read input for 3D block
3D FE analysis calculat-
ing K, M , P
Read input for beam block
Beam FE analysis calcu-















Matrices K, M , P
No
Yes
Figure 34: The flow chart of the Joint 3D-beam program
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3.5 3D-beam Joint Problem Example
3.5.1 Uniform beam example
P
Figure 35: Joint 3D-beam Problem example
Table 4: Dimensions and properties of the joint 3D-beam structure
Dimensions
Total length = 12 m
Length of the 3D part = 1 m
Length of the beam part = 11 m
Height 2b = 1 m
Thickness t = 0.5 m
Material properties
E = 70 GPa
ν = 0.35
ρ = 2750 kg/m3
For the joint 3D-beam problem, we first consider a simple example shown in Figure
35. The structure is clamped at the left end and subjected to a shear force at the
right end. Since the beam model can not capture the details of the structure root,
the clamped end is modeled as a 3D model, and the rest of the structure is modeled
as a beam. Figure 35 shows the configuration of this joint structure. The geometry
and material properties of the structure are given in Table 4.
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3.5.2 Convergence of displacement of static problem
To examine the convergence of the joint 3D-beam analysis, cases are performed using
different numbers of 3D elements with the number of beam elements kept the same.
For all the joint cases, the 3D parts are constructed with various numbers of 20-node
elements and the beam parts are constructed with thirteen 4-node elements.
In order to validate the results of the joint model, full 3D analyses are preformed
using ABAQUS 6.8. For each joint 3D-beam model, a corresponding full ABAQUS
3D same mesh density model is analyzed. By saying the mesh densities are the same,
we mean the mesh density in the whole full 3D model is the same as the 3D part in
the joint model. The ABAQUS results are compared with the joint model.
Table 5: Right end transverse displacement for Joint 3D-beam model and full
ABAQUS 3D model
Number of Right end u2
elements ABAQUS with














Table 5 shows the right end transverse displacement for the joint 3D-beam model
and full ABAQUS 3D model. The full ABAQUS 3D models are created with the same
mesh density as the corresponding joint 3D-beam models. The transverse displace-
ment for the full 3D model is evaluated at the center of the right end cross-section.
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Full 3D same mesh density
Figure 36: Right end transverse displacement u2 vs. the number of 3D elements







































Full 3D same mesh density
Figure 37: Right end transverse displacement u2 vs. number of 3D elements used
in joint 3D-beam model on a logarithmic scale
73
Figure 36 shows the right end displacement u2 from the joint 3D-beam and
ABAQUS analysis, versus the number of 3D elements used in the joint 3D-beam
model. For a clearer view, Figure 37 shows right end u2 versus number of 3D ele-
ments on a logarithmic scale.
From Figure 36 and 37, one can observe that the displacement converges as the
number of 3D elements increases. Compared to the full 3D results, the joint 3D-beam
results converge to approximately the same point. When the number of 3D elements
is small, the convergence rate is low. When the number of 3D elements is larger, the
results converge faster.
Table 6: Running time of static analysis for joint 3D-beam and full ABAQUS 3D
models
Number of ABAQUS with Joint
Elements same mesh density 3D-beam














Table 6 shows the running time for Joint 3D-beam and full ABAQUS 3D analysis.
From Table 6, one can observe that the running time for joint 3D-beam method is
less than that of full ABAQUS 3D analysis, since we used much less elements in the
joint 3D-beam model.
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3.5.3 Convergence of free-vibration frequencies
For the same models in section 3.5.1, the free-vibration frequencies are examined
for different cases which are performed using different numbers of 3D elements with
the number of beam elements kept the same. For all the joint cases, the 3D parts
are constructed with various numbers of 20-node elements, and the beam parts are
constructed with thirteen 4-node elements.
The joint 3D-beam model results are compared with those for a full ABAQUS
3D model having the same mesh density as the 3D part of the joint model. For
both joint 3D-beam and full ABAQUS 3D analysis, we computed the lowest fourteen
frequencies.
Table 7 shows the lowest six frequencies (rad/s) of the joint 3D-beam model for
different cases. The last line in the table shows the frequencies from fine mesh full
ABAQUS 3D model with a total of 32,928 elements.
Figure 38 shows the normalized frequencies versus the number of 3D elements in
the joint model. The frequencies are normalized by those of the full 3D fine mesh
results, i.e. the last line of Table 7. To get a clearer view, Figure 39 shows the
normalized frequencies versus the number of 3D elements in the joint model on a
logarithmic scale.
From Figures 38 and 39, one can observe that the normalized frequencies approach
to unity as the number of 3D elements increases, which means the frequencies from
joint 3D-beam model converge to the 3D fine mesh results. When the number of 3D
elements is small, the difference between joint 3D-beam and full 3D fine mesh results
are large. When the number of 3D elements becomes larger, the difference becomes
smaller.
Table 8 shows the running time of free-vibration analysis for joint 3D-beam and
full ABAQUS 3D model.
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Table 7: The lowest six frequencies (rad/s) of the joint 3D-beam model for different
cases
# of Elem ω1 ω2 ω3 ω4 ω5 ω6






8 16.9107 33.5207 108.0791 209.8636 293.7677 303.8030
27 17.3405 34.4234 109.3461 212.2996 296.4693 305.1812
64 17.5154 34.7931 109.8796 213.3486 297.8986 305.7731
125 17.6058 34.9843 110.1575 213.8965 298.6710 306.0785
216 17.6597 35.0979 110.3228 214.2221 299.1295 306.2577
343 17.6949 35.1718 110.4305 214.4331 299.4230 306.3726
512 17.7194 35.2232 110.5052 214.5789 299.6223 306.4513
729 17.7374 35.2607 110.5597 214.6847 299.7639 306.5078
1000 17.7510 35.2891 110.6009 214.7643 299.8684 306.5500
1331 17.7617 35.3113 110.6330 214.8262 299.9477 306.5825
1728 17.7703 35.3290 110.6587 214.8753 300.0096 306.6081
2197 17.7773 35.3435 110.6796 214.9153 300.0588 306.6288
2744 17.7869 35.3658 110.7209 215.0104 300.1457 306.7141
Full 3D Fine mesh 17.8468 35.4846 110.9238 215.4019 300.4785 306.6888















































































































Figure 39: Normalized frequencies vs. number of 3D elements on a logarithmic scale
Table 8: Running time of free-vibration analysis for joint 3D-beam and full ABAQUS
3D models
Number of Joint ABAQUS with
Elements 3D-beam same mesh density














From Table 8, one can observe that the running time of free-vibration frequency
analysis for joint 3D-beam method is less than that of full ABAQUS 3D analysis,
since we used much less elements in the joint 3D-beam model. For models with a
larger number of 3D elements, the advantage of the joint 3D-beam model is more
obvious.
3.5.4 Convergence of load continuity
In this section, we will examine the effect of interface mesh density on load continuity.
Suppose we apply 1000 N for sectional stress resultants, Fx, Fy, Fz, and 1000 N·m
for sectional moment resultants Mx, My, and Mz , at the interface. After the recovery
process, we can obtain all nodal forces at the interface. Then the sectional stress re-
sultants are calculated using these recovered nodal forces. For models with different
mesh densities, the recovered loads at the interface are listed in Table 9. Figure 40
shows the convergence trend for recovered sectional stress resultants at the interface
for different interface meshes.
Table 9: Recovered stress resultants on interface for different interface mesh
# Interface Fx Fy Fz Mx My Mz
Elements
4 1000.000 998.360 1018.364 1204.078 1137.298 1137.298
9 1000.000 999.273 1008.755 1097.622 1061.021 1061.022
16 1000.000 999.592 1005.114 1056.537 1034.325 1034.325
25 1000.000 999.739 1003.344 1036.733 1021.968 1021.968
36 1000.000 999.819 1002.355 1025.742 1015.256 1015.255
49 1000.000 999.867 1001.748 1019.026 1011.208 1011.208
64 1000.000 999.898 1001.348 1014.629 1008.581 1008.581
81 1000.000 999.920 1001.071 1011.595 1006.780 1006.780
100 1000.000 999.935 1000.872 1009.415 1005.492 1005.492
121 1000.000 999.946 1000.723 1007.796 1004.539 1004.539
144 1000.000 999.955 1000.609 1006.560 1003.814 1003.814
169 1000.000 999.962 1000.521 1005.597 1003.250 1003.250
196 1000.000 999.967 1000.450 1004.831 1002.802 1002.802
78
From Table 9 and Figure 40, one can observe that the recovered sectional stress
resultants converge to applied loads when the number of interface elements increases.
Among these six sectional stress and moment resultants, Fx, Fy, Fz, Mx, My, and Mz,
the axial force converges the fastest. The torque Mx converges the slowest. When
there are not enough of interface elements, the recovered sectional stress resultants
are inaccurate, making the interface load continuity inaccurate. This accounts for
the relatively large difference between results from the joint 3D-beam and full 3D
analyses, when the number of 3D elements is small.

















































Figure 40: Recovered sectional stress resultants at interface for different interface
mesh
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3.5.5 Strains and stresses at a sample cross-section
In order to verify the credibility of the joint 3D-beam analysis, a sample cross-section
is selected at x = 0.5, where the strains and stresses are compared between using the
joint 3D-beam method and a full ABAQUS 3D model with same mesh density. For
the joint 3D-beam method, 1,728 20-node elements are used in the 3D part. For the
full ABAQUS 3D method, 20,736 20-node elements are used. There are 144 elements
at the interface.
Figure 41 shows the normal strain ǫ11 distribution on the sample cross-section.
The figure on top is for joint 3D-beam, and the bottom one is for full 3D analysis.
From Figure 41 one can observe that the normal strain ǫ11 distribution on the sample
cross-section for joint 3D-beam model agrees really well with full 3D analysis, and
one can hardly notice the difference within the plot precision.
Figure 42 shows the shear strain ǫ12 distribution on the sample cross-section. The
figure on top is for joint 3D-beam, and the bottom one is for full 3D analysis. From
Figure 42 one can observe that the shear strain ǫ12 distribution on the sample cross-
section for joint 3D-beam model agrees well with full 3D analysis.
For a clearer view of the magnitude of the strains, Figure 43 shows the comparison
between normal strain ǫ11 distribution along the line x = 0.5, z = 0 for joint 3D-
beam and full 3D analysis. Figure 44 shows the comparison between shear strain ǫ12
distribution along the line x = 0.5, z = 0 for joint 3D-beam and full 3D analysis.
From figures 43 and 44, one can observe that in the close up view, normal strain ǫ11
from the joint 3D-beam analysis agrees very well with the full ABAQUS 3D analysis,
and there is no visible difference within the plot precision. For the shear strain ǫ12,
the joint 3D-beam analysis agrees well with full ABAQUS 3D analysis too. There is
a little difference between the two curves, but the joint 3D-beam analysis gives good






































































































































































Full 3D same mesh density























Full 3D same mesh density
Figure 44: Shear strain ǫ12 distribution along the line x = 0.5, z = 0
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Figure 45 shows the normal stress σ11 distribution on the sample cross-section.
The figure on top is for the joint 3D-beam method, and the bottom one is for a full
3D analysis. From Figure 45 one can observe that the normal stress σ11 distribution
on the sample cross-section for joint 3D-beam model agrees really well with full 3D
analysis, and one can hardly notice the difference within the plot precision.
Figure 46 shows the shear stress σ12 distribution on the sample cross-section. The
figure on top is for joint 3D-beam method, and the bottom one is for full 3D analysis.
From Figure 46 one can observe that the shear stress σ12 distribution on the sample
cross-section for joint 3D-beam model agrees well with full 3D analysis.
For a clearer view of the magnitude of the stresses, Figure 47 shows the comparison
of normal strain σ11 distribution along the line x = 0.5, z = 0 for joint 3D-beam and
full 3D analysis. Figure 48 shows the comparison of shear strain σ12 distribution
along the line x = 0.5, z = 0 for joint 3D-beam and full 3D analysis.
From figures 47 and 48, one can observe that in the close up view, normal stress σ11
from the joint 3D-beam analysis agrees very well with the full ABAQUS 3D analysis,
and there is no visible difference within the plot precision. For the shear stress σ12,
the joint 3D-beam analysis agrees well with full ABAQUS 3D analysis too. There
is a little difference between the two curves, but the joint 3D-beam analysis gives


























































































































































Full 3D same mesh density






















Full 3D same mesh density
Figure 48: Shear stress σ12 distribution along the line x = 0.5, z = 0
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3.5.6 Effect of Various Boundary Constraints
A beam model can only be constrained in terms of its 1D variables, which typically are
averaged displacements and rotations over the section. However, with the joint 3D-
beam model, one can examine static or dynamic beam-like models with a large variety
of boundary conditions by constraining various combination of nodal displacements
over the cross-section at a boundary. Three cases of root end boundary constraints,
shown in Figure 49, are examined using the joint 3D-beam and a full ABAQUS 3D
analysis. The first case is to constrain all the nodal displacements (ux, uy, uz) at the
root cross-section. The second case is to constrain the nodal displacements (ux, uy,
uz) at a core region of the root cross-section. The third case is to only constrain nodal
displacements to be zero at the corners of the root cross-section, with constrains on
ux, uy, uz at the two upper corner nodes, ux at the bottom left corner node, and uz
















Figure 49: Three cases of boundary constraints at the root cross-section
Figure 50 shows the variation of frequencies for the three different boundary con-
straints using the full ABAQUS 3D analysis and the joint 3D-beam analysis respec-
tively. Table 10 shows the free-vibration frequency results from three boundary con-
straint cases using joint 3D-beam and full ABAQUS 3D analysis. Figure 50 and Table

































































































































































































































































































































































































































































































































































































































































































































From Figure 50, one can observe that the natural frequencies become higher when
more degrees of freedom are constrained at the boundary. Case one has the highest
natural frequencies, and case three has the lowest natural frequencies. From Figure
50, one can observe that the joint 3D-beam models successfully capture the change of
frequencies caused by the various boundary constraints. From this figure and Table
10, one can observe that the frequencies from joint 3D-beam models agree very well
with the full ABAQUS 3D analysis at low modes. For higher modes, such as 6th My,
there are differences between results for the joint 3D-beam and full 3D, but the joint
model is still a good approximation.
Figure 50 also shows the frequencies from pure beam analysis. Since only averaged
displacements and rotations can be constrained at the beam boundary, the pure beam
analysis can not capture the change of frequencies due to various boundary conditions.
From Table 10, one can observe that the pure beam analysis is a good approximation
to full 3D analysis, with a little lower frequencies for each mode because at the beam
boundary the degree of freedoms constrained are less than the full 3D analysis.
Figure 51 and 52 show the #6 mode, which is the 3rd My mode of the full root
constraint case from joint 3D-beam and full ABAQUS 3D analysis, respectively. From
the figures, one can observe that the mode shapes from two methods are the same
and the mode shape from joint 3D-beam is smooth.
Figure 53 and 54 show the #13 mode, which is the 6th My mode of the full root
constraint case from joint 3D-beam and full ABAQUS 3D analysis, respectively. From
the figures, one can observe that the mode shape from joint 3D-beam is similar as
the full ABAQUS 3D analysis, but it is not smooth. Since it is a higher mode, the
impact of 3D effect may increase, and affects the frequency as well.
Figure 55 and 56 show the #5 mode, which is the 3rd My mode of the core region
constraint case from joint 3D-beam and full ABAQUS 3D analysis, respectively. The
mode shape is normalized by setting the right end displacement to unity. From the
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figures, one can observe that the mode shapes from both methods are the same and
the mode shape from joint 3D-beam is smooth.
Figure 57 and 58 show the #13 mode, which is the 6th My mode of the core
region constraint case from joint 3D-beam and full ABAQUS 3D analysis, respectively.
The mode shape is normalized by setting the right end displacement to unity. The
deformation is magnified. From the figures, one can observe that the mode shape
from joint 3D-beam is similar as the full ABAQUS 3D analysis, but it is not smooth.
One can observe that the 3D effect is very obvious. At the root section, the region
that is not constrained has out-of-plane deformations.
Figure 59 and 60 show the #4 mode, which is the 2nd Mz mode of the corner
constraint case from joint 3D-beam and full ABAQUS 3D analysis, respectively. The
mode shape is normalized by setting the right end displacement to unity. The defor-
mation of the beam is magnified. Since only the corner nodes are constrained, the
center of the root section has shifted from the center after deformation. From the
figures, one can observe that the mode shapes from both methods are the same and
the mode shape from joint 3D-beam is smooth.
Figure 61 and 62 show the #13 mode, which is the 6th My mode of the corner
constraint case from joint 3D-beam and full ABAQUS 3D analysis, respectively. The
mode shape is normalized by setting the right end displacement to unity. The de-
formation of the beam is magnified. Since only the corner nodes are constrained, all
nodes on the root section except the constrained nodes are shifted away from the orig-
inal position. The mode shape from joint 3D-beam is similar as the full ABAQUS 3D
analysis, but it is not smooth. The 3D effect is very large. Even for the full ABAQUS





























































































































































































































































































































































































































































































































































































































































































































































































































3.5.7 Non-uniform Beam example
Figure 63: Non-uniform beam structure modeled using ABAQUS










Figure 64: Non-uniform beam structure modeled using joint 3D-beam model, X-Y
view
Jimmy Ho [30] has shown that the traditional beam model can not analyze non-
uniform beams. It is because the section analysis does not take spanwise uniformity
into account. However, by using joint 3D-beam method, a non-uniform beam can be
analyzed by separating the original model into several parts. The uniform parts can
be modeled as beams and non-uniform parts can be constructed as 3D solid models.
In this section, free-vibration of the non-uniform beam structure shown in Figure 63
is analyzed using full ABAQUS 3D and joint 3D-beam models. For the joint 3D-beam
model, shown in Figure 64, the root end and the non-uniform part are constructed
99
as 3D models, and the uniform parts are modeled as beams.
3.5.7.1 Frequencies





















 ABAQUS same mesh
 ABAQUS fine mesh
Figure 65: Frequencies for non-uniform beam model using joint 3D-beam and full
ABAQUS 3D analysis
Figure 65 shows the frequencies for this non-uniform beam using joint 3D-beam
model and full ABAQUS 3D model. Table 11 shows the frequencies for this non-
uniform beam using joint 3D-beam model and full ABAQUS 3D model. For the
joint 3D-beam model, 512 20-node elements are used in each 3D part. For a full
ABAQUS full model with same mesh density, 6,144 20-node elements are used. For
a full ABAQUS 3D model with fine mesh, 33,740 20-node elements are used.
From Figure 65 and Table 11, one can observe that the frequencies from joint
















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Figures 66 and 67 show the #5 mode, which is the 3rd My mode of the non-uniform
beam from joint 3D-beam and full ABAQUS 3D analysis, respectively. Figures 68
and 69 show the #6 mode, which is the 3rd Mz mode of the non-uniform beam from
joint 3D-beam and full ABAQUS 3D analysis, respectively. Figures 70 and 71 show
the #13 mode, which is the 5th Mz mode of the non-uniform beam from joint 3D-
beam and full ABAQUS 3D analysis, respectively. Figures 72 and 73 show the #14
mode, which is the 6th My mode of the non-uniform beam from joint 3D-beam and
full ABAQUS 3D analysis, respectively. From the figures, one can observe that for all
the modes shown, the mode shapes from both methods are the same and the mode
shapes from joint 3D-beam are smooth. Therefore, the joint 3D-beam analysis is a
very good approximation for full ABAQUS 3D analysis.
3.5.7.2 Strains and stresses
A sample cross-section is selected at x = 6.5, which is the mid-section of the non-
uniform block. The strains and stresses on that sample section from the joint 3D-beam
method are compared with a full ABAQUS 3D model with same mesh density.
Figure 74 shows the normal strain ǫ11 distribution on the sample cross-section.
The figure on top is for joint 3D-beam, and the bottom one is for full 3D analysis.
From Figure 74 one can observe that the normal strain ǫ11 distribution on the sample
cross-section for joint 3D-beam model agrees really well with full 3D analysis, and
one can hardly notice the difference within the plot precision.
Figure 75 shows the shear strain ǫ12 distribution on the sample cross-section. The
figure on top is for joint 3D-beam, and the bottom one is for full 3D analysis. From
Figure 75 one can observe that the shear strain ǫ12 distribution on the sample cross-
section for joint 3D-beam model agrees well with full 3D analysis.
Figure 76 shows the normal strain ǫ11 and shear strain ǫ12 distributions on the
sample cross-section using VABS strain recovery. In order to use VABS recovery, a
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beam analysis is carried out using ABAQUS. Beam displacements and rotations at
the sample cross-section are obtained. In the ABAQUS beam modeling, sixteen beam
elements are used in the non-uniform part. Different cross-sections are defined and
associated to the beam elements in the non-uniform part. From Figure 76, one can
observe that the strains from beam recovery are totally different from the full 3D
analysis. Therefore, beam analysis with VABS strain recovery is not suitable to solve
this non-uniform beam problem, since it gives unrealistic results.
For a clearer view of the magnitude of the strains, Fig. 77 shows the comparison
between normal strain ǫ11 distribution along the line x = 6.5, z = 0 for full 3D,
joint 3D-beam analysis, and beam recovery. Figure 78 shows the comparison between
shear strain ǫ12 distribution along the line x = 6.5, z = 0 for full 3D, joint 3D-beam
analysis, and beam recovery.
From Figs. 77 and 78, one can observe that in the close up view, normal strain ǫ11
from the joint 3D-beam analysis agrees very well with the full ABAQUS 3D analysis,
and there is no visible difference within the plot precision. For the shear strain ǫ12,
the joint 3D-beam analysis agrees very well with full ABAQUS 3D analysis with a
little difference at y = 0. Overall, the joint 3D-beam analysis gives good results to
compare with the full ABAQUS 3D analysis, but the beam recovery results are not
credible.
Figure 79 shows the normal stress σ11 distribution on the sample cross-section.
The figure on top is for the joint 3D-beam method, and the bottom one is for a full
3D analysis. From Figure 79 one can observe that the normal stress σ11 distribution
on the sample cross-section for joint 3D-beam model agrees really well with full 3D
analysis, and one can hardly notice the difference within the plot precision.
Figure 80 shows the shear stress σ12 distribution on the sample cross-section. The
figure on top is for joint 3D-beam method, and the bottom one is for full 3D analysis.
From Figure 80 one can observe that the shear stress σ12 distribution on the sample
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cross-section for joint 3D-beam model agrees well with full 3D analysis.
Figure 81 shows the normal stress σ11 and shear stress σ12 distributions on the
sample cross-section using VABS stress recovery. From Figure 81, one can observe
that the stresses from beam recovery are totally different from the full 3D analysis.
Therefore, beam analysis with VABS stress recovery is not suitable to solve this non-
uniform beam problem, since it gives unrealistic results.
For a clearer view of the magnitude of the stresses, Figure 82 shows the comparison
of normal stress σ11 distribution along the line x = 6.5, z = 0 for full 3D, joint 3D-
beam analysis, and beam recovery. Figure 83 shows the comparison of shear stress
σ12 distribution along the line x = 6.5, z = 0 for full 3D, joint 3D-beam analysis, and
beam recovery.
From figures 82 and 83, one can observe that in the close up view, normal stress σ11
from the joint 3D-beam analysis agrees very well with the full ABAQUS 3D analysis,
and there is no visible difference within the plot precision. For the shear stress σ12,
the joint 3D-beam analysis agrees very well with full ABAQUS 3D analysis with a
little difference at y = 0. Overall, the joint 3D-beam analysis gives good results to

































































































































































































































Figure 76: ǫ11 and ǫ12 distributions on sample cross-section from beam recovery
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Full 3D same mesh density
Beam recover
Figure 77: Normal strain ǫ11 distribution along the line x = 6.5, z = 0























Full 3D same mesh density
Beam recover














































































































































































































































Figure 81: σ11 and σ12 distributions on sample cross-section from beam recovery
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Full 3D same mesh density
Beam recover
Figure 82: Normal stress σ11 distribution along the line x = 6.5, z = 0
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The current research presents a rigorous and consistent approach to construct a fi-
nite element analysis that joins 2D/3D solid models to beam models. The current
approach is to use asymptotically reduced beam models over all parts of a com-
plex structure that allow it, while using 2D/3D finite elements to model other parts
of the structure that cannot be reduced. The reduced model and the 3D model
are assembled together to get the solution. This approach successfully coupled the
disparate finite element types into a single finite element model making use of the
asymptotically exact information available in the reduced-dimensional models based
on variational-asymptotic theory. Using this approach, a complex structure can be
analyzed by making maximum use of simplified models without the loss of accuracy
presently incurred in dimensionally-reduced models near boundaries or when joined
to inherently 2D/3D structures.
4.1.1 Joint 2D-beam analysis
A joint 2D-beam approach is studied for planar-inplane deformation of strip-beams.
This approach is developed for obtaining understanding needed to do the joint 3D-
beam model. For joint 2D-beam approach, the static response of a basic 2D-beam
model is studied. The whole beam structure is divided into two parts. The root
part where the boundary condition is applied is constructed as a 2D model. The free
end part is constructed as a beam model. To assemble the two different dimensional
model, two approaches are studied to combine the 2D model with beam model at the
interface. These two approaches are the deflection continuity and load continuity at
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the interface. The deflection continuity is obtained by using 3D formulation in terms
of intrinsic 1D variables. The load continuity can be obtained by stress recovery using
the variational-asymptotic method, or an assumed stress distribution method. After
the transformation matrix R from deflection continuity or S from load continuity is
obtained, the 2D part and the beam part can be assembled together and solved as
one linear system.
The main contribution of the present study to the topic of joint 2D-beam modeling
can be summarized as:
1. The limitation that the beam model can be constrained only by average dis-
placement and average rotation at the cross-section can be removed by using
2D model where there is the boundary constraint, while the rest of the structure
is modeled as beam.
2. The convergence of joint 2D-beam approach is demonstrated by static analysis
of a basic 2D-beam model. For the example beam with right-end transverse
load, the joint 2D-beam study has shown the end displacement converges to a
fine mesh full 2D solution which can be regarded as a nearly exact solution. The
joint model results are compared to the fine mesh results. The relative errors are
very small, which shows the present approach gives accurate solutions. Since
the joint model uses much fewer elements compared to the fine mesh model, the
present approach is more efficient.
3. The credibility of joint 2D-beam approach is demonstrated by studying the
displacement, strains and stresses of a sample cross-section inside the 2D part.
The displacement, strains and stresses of this sample cross-section is compared
with the corresponding values of a full 2D analysis at the same location with
the same mesh density. The study has shown that the relative errors of the
values of displacement, strains and stresses are very small. The joint 2D-beam
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method accurately captures the static response at the interior of the 2D part.
Therefore, the present approach is a good approximation to full 2D analysis.
4. The 2D region length effect is studied by applying the joint 2D-beam approach
to joint models with various length of the 2D region. The resulting beam right
end displacement and rotation are compared to the same mesh density full 2D
analysis. The displacements, strains and stresses at a sample point are compared
to the sample point results of a full 2D model with the same mesh density. All
the relative errors are very small. The plots of the relative errors versus element
numbers show there is an optimum length of the 2D region for certain cases.
By knowing the optimum length of the 2D region, one can minimize the relative
errors with maximum efficiency.
5. The successful application of the current joint 2D-beam analysis provides a
reliable method to construct the transformation matrix which can join the solid
element to beam element. The similar scheme of constructing transformation
matrix can be applied to joining 3D solid element to beam element. The current
technique makes it more convenient for the application of VABS as a tool to
construct the transformation matrices for joint 3D-beam analysis.
4.1.2 Joint 3D-beam analysis
For a joint 3D-beam approach, the static and dynamic response of a basic 3D-beam
model is studied. For the uniform beam constrained at the root end, similar to the
joint 2D-beam analysis, the whole beam structure is divided into two parts. The root
part where the boundary condition is applied is constructed as a 3D model. The free
end part is constructed as a beam model. To assemble the two different dimensional
models, the approach of load continuity at the interface is used to combine the 3D
model with beam model. The load continuity at the interface is achieved by stress
recovery using the variational-asymptotic method. The beam properties and warping
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functions required for stress recovery are obtained from VABS constitutive analysis.
After the transformation matrix S from load continuity is obtained, the 3D part and
the beam part can be assembled together and solved as one linear system.
For a non-uniform beam example, the whole structure is divided into several parts,
where the root end and the non-uniform parts are constructed as 3D models and the
uniform parts are constructed as beams. At all the interfaces, the load continuity is
used to connect 3D model with beam model. Stress recovery using the variational-
asymptotic method is used to achieve the load continuity at all interfaces. For each
interface, there is a transformation matrix S from load continuity. After we have all
the transformation matrices, the 3D parts and the beam parts are assembled together
and solved as one linear system.
The main contributions of the present study to the topic of joint 3D-beam mod-
eling can be summarized as:
1. The convergence of joint 3D-beam static analysis is demonstrated by static anal-
ysis of a basic 3D-beam model. For the example beam with right-end transverse
load, the joint 3D-beam study has shown the end displacement converges to a
fine mesh full 3D solution which can be regarded as a nearly exact solution.
The joint model results are compared to the same mesh density full 3D analysis
results. When the number of 3D elements is not large enough, the displacement
difference between joint 3D-beam and full 3D same mesh density analysis is
relatively large. When the number of 3D elements is large enough, the displace-
ment difference between joint 3D-beam and full 3D same mesh density analysis
is very small. Therefore, when there are enough 3D elements in the 3D part,
the joint 3D-beam method gives accurate solutions and is a very good approx-
imation of the full 3D analysis. The running time of joint 3D-beam method is
compared with the full ABAQUS 3D analysis. It shows that the running time
of the joint 3D-beam method is much less than that of the full ABAQUS 3D
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analysis. Thus, the present approach for static analysis is accurate and efficient.
2. The convergence of joint 3D-beam dynamic analysis is demonstrated by free-
vibration analysis of a basic joint 3D-beam model. For the example beam with
right-end transverse load, the lowest fourteen frequencies are calculated by the
joint 3D-beam method and a full ABAQUS 3D analysis. The study has shown
the computed frequencies converge to the fine mesh full 3D solution, which can
be regarded as a nearly exact solution. When the number of 3D elements is
not large enough, the frequency difference between joint 3D-beam and full 3D
same mesh density is relatively large. When the number of 3D elements is large
enough, the frequency difference between joint 3D-beam and full 3D same mesh
density is very small. Therefore, when there are enough 3D elements in the 3D
part, the joint 3D-beam method gives accurate frequency solutions and is a very
good approximation of the full 3D analysis. The running time of joint 3D-beam
method is compared with the full ABAQUS 3D analysis. It shows that the run
time of the joint 3D-beam method is much less than that of the full ABAQUS
3D analysis. Thus, the present approach for free-vibration analysis is accurate
and efficient.
3. Credibility of the joint 3D-beam analysis is demonstrated by studying major
strains and stresses at a sample cross-section inside the 3D part. The strains
and stresses at this sample cross-section are compared with the corresponding
values from full 3D analysis of the same mesh density, and at the same location.
The study has shown that the stresses and strains from joint 3D-beam analysis
are very close to the values from full 3D analysis at the same mesh density.
The joint 3D-beam method captures the static response on the interior of the
3D part. Therefore present approach is a good approximation to the full 3D
analysis.
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4. The load continuity at the interface is studied by comparing the applied load
with the recovered sectional stress resultants at the interface. The transfor-
mation matrix S comes from stress recovery using the variational-asymptotic
method. By using the transformation matrix S, the stresses at the Gauss points
in each element can be obtained. The nodal forces then can be calculated by
integration over the elements. Then the sectional stress resultants can be com-
puted from nodal forces. The results show that the recovered stress resultants
converge to the applied loads as the number of elements at the interface in-
creases. When there is not enough elements at the interface, the difference be-
tween the recovered stress resultants and applied load is relatively large. When
there are enough elements at the interface, the difference between the recovered
stress resultants and applied load becomes small. Therefore, one needs a large
enough number of elements at the interface to get an accurate transformation
matrix S, and thus obtain load continuity.
5. The limitation that the beam model can be constrained only by beam displace-
ment and rotation variables (which typically are averaged over a section) can be
removed by using the 3D model where there is a boundary constraint, while the
rest of the structure is modeled as beam. The effect of boundary conditions is
studied by constraining different nodal displacements at the root cross-section.
For each boundary constraint case, the joint 3D-beam analysis is compared to
the same mesh density full 3D analysis. The difference between the frequencies
results from joint 3D-beam model and full 3D model is very small. The re-
sults show that the joint 3D-beam analysis successfully captures the frequency
change due to different boundary constrains, and give very good approximation
compared to a full ABAQUS 3D analysis.
6. The limitation that the beam model can only be applied on uniform cross-section
122
beam structure is removed by using 3D model where there are non-uniform
parts, while the rest of the structure is modeled as beams. The non-uniform
structural analysis is demonstrated by studying a non-uniform beam. For the
example non-uniform beam with right-end transverse load, the whole structure
is divided into four parts; the constrained root part and the non-uniform part
are constructed as 3D models, while the uniform parts are constructed as beam
models. The four parts are connected by load continuity at three interfaces.
Results from the joint 3D-beam analysis are compared to those from a full
ABAQUS 3D analysis with the same mesh density. The differences between the
frequency results from the joint 3D-beam model and a full 3D model are very
small. The results show that the joint 3D-beam method is a good approximation
compared to a full 3D analysis for non-uniform beam structures.
4.2 Recommendations
The present work of joint 3D-beam analysis can be considered as the beginning of
a general and consistent modeling of mixed dimensional composite beams using the
variational-asymptotic method at the interfaces. The current work has examined
several aspects of a linear, homogeneous straight beam with simple cross-sections.
The current transition element method, which is using the variational-asymptotic
method to achieve load continuity at the interfaces, can be extended to more compli-
cated models and applications. The following aspects can be recommended for future
research:
1. The current work only examined linear beams. For more realistic applications,
joining 3D solid elements with beams with nonlinearities needs to be investi-
gated. Current work assumes small deflection of beams and 3D solid element
models. In the future, cases of large displacement and rotation need to be
investigated.
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2. The current work has examined only homogeneous beams. Since composite
materials are used commonly on beam-like structures, joining 3D solid ele-
ments with composite beams needs to be investigated. Since VABS can ob-
tain the sectional properties of composite beams and stress recovery using the
variational-asymptotic method is available, joining 3D with composite beams
can be achieved by including multiple materials and composite layup informa-
tion for the 3D solid elements.
3. The current work studied straight beams. In the future, initially curved and
twisted beams can be investigated. For initially curved and twisted beams, the
current beam model needs to be modified to include the curvatures and twist
in the beam formulation. In the transition interface formulation, the non-zero
parameters of initial curvature and twist need to be used in calculating the
transformation matrix S, and in the beam section constants.
4. The current beam formulation is constructed for general Timoshenko beams.
In the future, beams with trapeze effect or generalized Vlasov model can be
investigated. VABS already has the ability to obtain properties of beams with
trapeze effect and generalized Vlasov model. The current beam formulation
needs to be modified to include the trapeze effect and the Vlasov effect.
5. In the current stress recovery formulation, the distributed loads terms are as-
sumed to be zero based on the analysis of free body diagrams that for the
distributed loads on the surface of an infinitesimal elements, there are equiva-
lent concentrated loads at the cross-section from equilibrium. In the future, it is
recommended to validate that the assumption of zero distributed terms is rea-
sonable. Otherwise, non-zero terms need to be included in the transformation
formulation to obtain transformation matrix S.
6. Current work has examined the static response and free-vibration response of
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joint 3D-beam models. In the future, forced vibration and stability of the joint
3D-beam models can be investigated.
7. Current work has mainly focused on joining 3D solid elements with beam el-
ement. The current transition element method, which uses the variational-
asymptotic method to achieve load continuity at the interfaces, can be applied
to joining 3D solid elements with plate/shell elements. Instead of using VABS
to obtain the sectional properties, VAPAS can be used to obtain elastic con-
stants and stress-strain recovering for plates/shells. Furthermore, joining beams
to plates/shells can be investigated using current transition element method.
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